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Abstract 

We give a proof of an analogue of Connes' Hochschild character theo- 
rem for twisted spectral triples obtained from twisting a spectral triple by 
scaling automorphisms, under some suitable conditions. We also survey 
some of the properties of twisted spectral triples that are known so far. 

1 Introduction 

In [5] Connes and Moscovici introduced a refinement of the notion of spectral 
triple called twisted spectral triple. As is well known by now, the metric aspects 
of a geometric space in noncommutative geometry is encoded by a spectral triple 
[5]. This concept however puts rather severe restrictions on the underlying 
noncommutative space, as it forces the existence of a tracial state. In particular 
it is inapplicable in type III situations according to Murray-von Neumann's 
classification of von Neumann algebras into types. It was to deal with these 
type III examples that twisted spectral triples were introduced. 

In a twisted spectral triple, the twist is afforded by an automorphism. More 
precisely, there is an automorphism a of the underlying noncommutative space A 
such that all twisted commutators [D, a] a = Da — a(a)D are bounded operators 
(D is a selfadjoint operator playing the role of the Dirac operator). While there 
are many natural examples of twisted spectral triples, proving general results 
about them, parallel to the untwisted case, have proved to be a challenging task. 
The most celebrated among such questions are perhaps the extension of Connes' 



character formula for the Hochschild class of the Connes-Chern character of a 
spectral triple [5], as well as an extension of Connes-Moscovici's local index 
formula, [7J to twisted spectral triples. In this paper we give a proof of a 
character formula for twisted spectral triples obtained from twisting a spectral 
triple by scaling automorphisms, under suitable conditions. We shall also briefly 
outline Moscovici's local index formula for twisted spectral triples obtained by 
conformal perturbation of a spectral triple [17] . 

This paper is organized as follows. In Section [5] we recall the basic notions 
of spectral triples, noncommutative integration and residue functionals for a 
spectral triple. We also recall Connes and Moscovici's local index formula [7J. 
We then recall the notion of twisted spectral triples [5] . In Section [3] we recall 
several general methods to construct twisted spectral triples from [8], [TjJ and 
An important idea here is twisting a spectral triple by scaling automor- 
phisms and the corresponding algebra of twisted pseudodifferential operators 
introduced by Moscovici [IT] . In Section 0] we recall some non-obvious proper- 
ties of twisted spectral triples from [8] , among them the fact that one can define 
a Connes-Chern character for twisted spectral triples with values in ordinary 
non-twisted cyclic cohomology. Equivalently one can define a pairing between 
a finitely summable twisted spectral triple and X-theory. In section [5] we give a 
proof of an analogue of Connes' Hochschild character theorem for twisted spec- 
tral triples obtained from twisting a spectral triple by scaling automorphisms. 
Finally in the last section we recall Moscovici's Ansatz and proof of the local 
index formula for twisted spectral triples obtained by scaling automorphisms 



2 From spectral triples to twisted spectral triples 

The notion of a geometric space in noncommutative geometry is encoded by a 
spectral triple. This concept however puts rather severe restrictions on the un- 
derlying noncommutative space that renders it inapplicable in type III situations 
according to Murray- von Neumann classification of von Neumann algebras into 
types. We shall first try to explain this point. 

We start with a quick review of the Dixmier trace and the noncommutative 
integral, following closely 5 . Let % be a Hilbert space and let JC(%) denote the 
two sided ideal of compact operators on T~L. For a compact operator T : W — > H, 
let 

fJ>i(T) > f-2{T) > ••• >0 

denote the sequence of eigenvalues of its absolute value \T\ := (T*T)i , written 
in decreasing order. Thus, by the minimax principle, ^i{T) = ||T||, and in 
general 

Vn(T) = inf ||T|v||, n > 1, 

where the infimum is over the set of subspaccs of codimension n — 1, and T\y 
denotes the restriction of T to the subspace V. A compact operator T € IC(H) 
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is called trace class if ^n{T) < oo, and in that case the trace of T is defined 
by 

Trace (T) = ^(T 

n 

where {e rL ]'^ = i is an orthonormal basis for H. It is known that this is the 
unique normal trace on the C*-algebra C{H) of bounded operators on H. The 
question of existence of non- normal traces on C(J-L) was left open until it was 
settled affirmatively by Jacques Dixmier. In 9 Dixmier shows that there are 
uncountably many non-normal traces on £{%). Many years later, Alain Connes 
discovered that these non-normal traces can in fact be used to define a process of 
noncommutative integration in noncommutative geometry as we describe next. 
The natural domain of a Dixmier trace is the set of operators 

N 

C l ca {U) = {Te K{H); $>„(r) = O (logiV)}. 

1 

Notice that trace class operators are automatically in £ 1,00 (H). The Dixmier 
trace of an operator T € £ 1,00 (H) measures the logarithmic divergence of its 
ordinary trace. More precisely, we are interested in the limit of the bounded 
sequence 

MT) = 4# 1 N = l,2,... 
logTV 

as N — > oo. The first problem of course is that, while by our assumption the 
sequence is bounded, the usual limit may not exist and must be replaced by a 
generalized limit, similar to Banach limits of non-convergent bounded sequences. 
A more challenging task is to make sure that our generalized limit still defines 
a trace. 

To this end, let TraceA(T), A £ [l,oo), be the piecewise affine interpolation 
of the partial trace function Trace at (T) = X)i UniT). Recall that a state on 
a C*-algebra is a non-zero positive linear functional on the algebra. Let ui : 
Cb [e, oo) — > C be a normalized state on the algebra of bounded continuous 
functions on [e, oo) such that u)(f) — for all / vanishing at oo. Now, using oj, 
the Dixmier trace of a positive operator T £ C 1,00 (H) is defined as 

Tr w (T) :=w(t a (T)), 

where 

1 f A Trace r (T) dr 

T~A{1) = r / 

logA7 e logr r 

is the Cezaro mean of the function Tla 1 ^°'^ T ' > over the multiplicative group . 

One then extends Tr w to all of £ 1,0 °(H) by linearity. 

The resulting linear functional Tr u is a positive trace on £ l oo (W). It is 
easy to see from its definition that if T actually happens to be a trace class 
operator then Tr w (T) = for all w, i.e., the Dixmier trace is invariant under 
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perturbations by trace class operators. This is a very useful property and makes 
Tr w a flexible tool in computations. 

The Dixmier trace, Tr^, in general depends on the limiting procedure lo, 
however, for the class of operators T for which LimA->oo t\(T) exits, it is in- 
dependent of the choice of ui and is equal to LimA^ooTAl? 1 ). One of the main 
results proved in [1] is that if M is a closed n-dimensional manifold, E is a 
smooth vector bundle on M, P is a pseudodifferential operator of order — n act- 
ing between L 2 -sections of E, and U = L 2 (M,E), then P G C x <°°(Ji) and, for 
any choice of uj, Tr ul (P) = rt _1 Res(P). Here Res denotes Wodzicki's noncom- 
mutative residue [TH1 [H] • For example, if D is an elliptic first order differential 
operator, |-D|~" is a pseudodifferential operator of order —n, and the Dixmier 
trace Tr u (\D\~ n ) is independent of the choice of u. 

Next, we would like to explain the notion of spectral triple. This concept has 
its roots in if-homology and Riemannian geometry simultaneously. We start by 
explaining the notion of a Fredholm module which is the conformal counterpart 
of a spectral triple. 

An odd Fredholm module over a unital algebra A is a pair {%, F) where H is a 
Hilbert space on which the algebra A acts by bounded operators and F G 
is a selfadjoint operator such that F 2 — id, and such that the commutators 
[F, 7r(a)] are compact operators for all a € A. Here n : A — > C{H) denotes a 
unital action of A on %. A Fredholm module is called p-summable (1 < p < oo), 
if [F, 7r(a)] € £ P (W) for all a E A, where C P (H) is the Schatten ideal of p- 
summable compact operators [3]. Fredholm modules should be thought of as 
representing if-homology classes defined by abstract elliptic partial differential 
operators on the noncommutative space A. 

Spectral triples provide a refinement of Fredholm modules. Going from 
Fredholm modules to spectral triples is akin to going from the conformal class 
of a Riemannian metric to the metric itself. Spectral triples simultaneously 
provide a notion of Dirac operator in noncommutative geometry, as well as 
a Riemannian type distance function for noncommutative spaces as we shall 
explain next. 

To motivate the definition of a spectral triple, we recall that the Dirac opera- 
tor D on a compact Riemannian spin c manifold acts as an unbounded selfadjoint 
operator on the Hilbert space L 2 (M,S) of L 2 -spinors on the manifold M. If 
we let C°°(M) act on L 2 (M, S) by multiplication operators, then one can check 
that for any smooth function /, the commutator [D, f] = Df — fD extends to 
a bounded operator on L 2 (M,S). Now the geodesic distance d on M can be 
recovered from the following beautiful distance formula of Connes [S] : 

d(p,«) = Sup{|/(p)-/(g)|; ||[A/]||<1}, Vp,q&M. 

The triple (C°°(M), L 2 (M, S), D) is a commutative example of a spectral triple. 
Its general definition, in the odd case, is as follows. 

Definition 2.1. Let A be a unital algebra. An odd spectral triple on A is a triple 
(A,H,D) consisting of a Hilbert space %, a selfadjoint unbounded operator D : 
Dom(D) <zTi — > "H with compact resolvent, i.e., (D + X)^ 1 G K.(H) for all A (£ R, 
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and a united representation it : A ^ of A such that for all a € A, the 

commutator [£),7r(a)] is defined on Dom(D) and extends to a bounded operator 
on H. 

The finite summability assumption for Fredholm modules has a finer ana- 
logue for spectral triples. For simplicity we shall assume that D is invertible (in 
general, since Ker(D) is finite dimensional, by restricting to its orthogonal com- 
plement we can always reduce to this case). A spectral triple is called finitely 
summable if for some n > 1, 

j^j-n g C X '°°{U). (2.1) 

A simple example of an odd spectral triple is (C°° (S 1 ) , L 2 (S 1 ) , D) , where 
5 1 = R/2-7rZ is the circle and D is the unique selfadjoint extension of the 
operator The eigenvalues of \D\ are \n\;n s Z which shows that if we 

restrict D to the orthogonal compliment of constant functions then G 

£ l,oo (L 2 ( £l^ 

Given a spectral triple {A,T-L, D), one can obtain a Fredholm module (A,T-l, F) 
by choosing F — Sign (I?) = D\D\~ X . Connes' Hochschild character formula 
gives a local expression for the Hochschild class of the Connes-Chern character 
of (A, %, F) in terms of D itself. For this one has to assume that the spectral 
triple (A, H, D) is regular in the sense that for all a € A, 

a and [D,a] € (lDom(i5 fc ) 

where the derivation 5 is given by S(x) = [\D\,x]. 

Now, assuming (12.1[) holds, Connes defines an (n+ l)-linear functional ip on 
^by 

<p(a°, a\ . . .,a n ) = Ir^^p.a 1 ] • • • [D,a n ]\D\- n ). 

It can be shown that ip is a Hochschild n-cocycle on A. We recall that a 
Hochschild n-cycle c € Z n (A, A) is an element c = Yl a°(Xia 1 (g)- • -®a n € A (g,(n+1) 
such that its Hochschild boundary 6(c) = 0, where b is defined by (|5.4|) . The 
following result, known as Connes' Hochschild character formula, computes the 
Hochschild class of the Chern character by a local formula, i.e., in terms of <p: 

Theorem 2.1. [5 Let (A,W,D) be a regular spectral triple. Let F — Sign(D) 
denote the sign of D and T n G HC n {A) denote the Connes-Chern character of 
(T-L, F). For every n-dimensional Hochschild cycle c — ^ a (8 a 1 <£> • • • ® a n € 
Z n (A,A), one has 

( T n,c) = ^2cp(a°,a 1 ,...,a n ). 

Identifying the full cyclic cohomology class of the Connes-Chern character 
of (A,H, D) by a local formula is the content of Connes-Moscovici's local index 
formula. For this we have to assume the spectral triple satisfies another technical 
condition. Let B denote the subalgebra of C(T~L) generated by operators 5 k (a) 
and 5 k ([D,a\), k > 1. A spectral triple is said to have a discrete dimension 
spectrum E if S C C is discrete and for any b € B the function 

( b (z) = Trace(&|L>|^), Rez>n, 
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extends to a holomorphic function on C \ E. It is further assumed that E is 
simple in the sense that Cfc( z ) nas onr y simple poles in E. 

The local index formula of Connes and Moscovici [7] is given by the following 
theorem (we have used the formulation in [5]): 

Theorem 2.2. [6] 1. The equality 

jp = Res 2=0 Trace(P|L>|~ 2 ) 

defines a trace on the algebra generated by A, [D,A], and \D\ Z , z e C. 

2. There are only a finite number of non-zero terms in the following formula 
which defines the odd components (</?n)«=i,3,... of an odd cyclic cocycle in the 
(b, B) bicomplex of A: For each odd integer n let 

<p n (a ,--- ,a n ) :=]Tc n , fc fa°[D, a 1 ]^ ■ ■ • [A a"] (fen) |^r"- 2|fe| 
k •* 

where TW := V fe and V(T) = D' 2 T~TD 2 , k is a multi-index, \k\ = jfeiH \-k n 

and 

c n ,k ■■= (-i) |fc| y^(fci! . . . kj.y^ih + 1) • • • (h + k 2 + ■ ■ ■ Mr'rdfcl + 1). 

3. The pairing of the cyclic cohomology class ((p n ) € HC*{A) with K\(A) gives 
the Fredholm index of D with coefficients in K\ (A) . 

Given an n-summable regular spectral triple (A,1-L, D), the linear functional 

a h+ Tr u (a\D\- n ) 

dehnes a trace on the algebra A (cf. Proposition |4J}- Thus to deal with type 
III algebras which carry no non-trivial traces, the notion of spectral triple must 
be modified. In [5] Connes and Moscovici define a notion of twisted spectral 
triple, where the twist is afforded by an algebra automorphism (related to the 
modular automorphism group) . More precisely, one postulates that there exists 
an automorphism a of A such that the twisted commutators Da — o~{a)D are 
bounded operators for all a £ A. Here is the full definition: 

Definition 2.1. Let A be an algebra which is represented by bounded operators 
in a Hilbert space T-L, and D be an unbounded selfadjoint operator in T-L with 
compact resolvent. With a being an automorphism of A, the triple (A,'H,D) is 
called a twisted spectral triple or a a -spectral triple if for any a £ A, the twisted 
commutator 

[D,a] a :=Da-a(a)D 

is defined on the domain of D, and extends to a bounded operator in %. 

A twisted spectral triple is said to be Lipschitz-regular if the twisted commutators 

\D\a — <r(a)|-D| are bounded as well for all a € A. 

A graded twisted spectral triple is one that is endowed with a grading operator 
7 = 7* G C(T-L) such that 7 2 = id, 7 commutes with the action of A, and 
anticommutes with D. 
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When the algebra A is involutive, the representation is assumed to be invo- 
lutive as well. In this case, it is natural to impose the following compatibility 
condition between the automorphism and the involution: 

<j{a)* = u~ 1 {a*), Va € A. 

It is shown in [8] that in the twisted case, the Dixmier trace induces a twisted 
trace on the algebra A, but surprisingly, under some regularity conditions, the 
Connes-Chern character of the phase space lands in ordinary cyclic cohomology. 
Thus its pairing with ordinary X-theory makes sense, and it can be recovered as 
the index of Fredholm operators. This suggests the significance of developing a 
local index formula for twisted spectral triples, i.e. finding a formula for a cocy- 
cle, cohomologous to the Connes-Chern character in the (b, B)-bicomplex, which 
is given in terms of twisted commutators and residue functionals. We believe 
that this new theme of twisted spectral triples, and type III noncommutative 
geometry in general, shall dominate the subject in near future. 

For example, very recently a local index formula has been proved for a class 
of twisted spectral triples by Henri Moscovici [17] . We will discuss this result in 
detail in Section [S] of this paper. This class is obtained by twisting an ordinary 
spectral triple (A, %, D) by a subgroup G of scaling automorphisms of the triple, 
i.e. the set of all unitary operators U € U{T-L) such that UAU* = A, and 
UDU* = /j,(U)D, with fi,(U) > 0. It is shown that the crossed product algebra 
A X G admits an automorphism a, given by the formula a(aU) = /j,(U)~ 1 aU , 
for all a € A, U € G; and (A x G, W, D) is a twisted spectral triple. 

3 Examples of twisted spectral triples 

In this section, we recall general methods to construct twisted spectral triples. 
3.1 Perturbing spectral triples 

In [5], it is shown that starting from an ordinary spectral triple (A, H,D) and 
a selfadjoint element h — h* G A, the perturbed triple 

(A, H, D'), D' = e h De h 

is a cr-spectral triple, where the automorphism a is given by 

a(a) = e 2h ae~ 2h , a £ A. 

In fact for any a € A, one has 

D'a - a(a)D' = e h De h a - e 2h ae~ 2h e h De h = e h [D, e h ae- h ]e h . 

Therefore the twisted commutators [D',a] a are bounded since the commuta- 
tors [D, b] are bounded operators for all b € A. A concrete example of this 
construction is obtained when one compares the Dirac operators of conformally 
equivalent Riemannian metrics as follows: 
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Example 3.1. Let {M,g) be a compact Riemannian spin manifold and D = 
D 9 be the associated Dirac operator acting on the Hilbert space of L 2 -spinors 
H = L 2 (M, S 9 ). Let g' = e~ 4h g be a conformally equivalent metric where 
h G C°°(M) is a selfadjoint element. It can be shown that the gauge transform 
operator 9 D 9 = f3 9 o D 9 o ft 9 , has the form 

9 D 9 ' — e ( n+1 ^ o D 9 o e^" -1 '' 1 . 

After the canonical identification of the space of g-spinors with g'-spinors, it can 
be seen [5| that the gauge transform spectral triple is obtained from the original 
one by replacing D with 

D' = e h De h . 

More generally, one can start from a er-spectral triple (A,1-L,D) and a self- 
adjoint element h = h* G A, and investigate the properties of the perturbed 
triple 

(A,H,D'), D' = e h De h . 

Lemma 3.2. Let (A,H,D) be a a-spectral triple, and h — h* G A. Then the 
perturbed triple 

(A,H,D'), D' = e h De h 
is a a' -spectral triple where a' G Aut{A) is given by 

a'(a) = e h <7(e h ae~ h )e->\ a G A. 

Proof. For any a G A, one has 

D'a - a'{a)D' = e h De h a - e h a(e h ae~ h )e- h e h De h = e h [D, e h ae~ h ] IJ e h . 

Therefore the twisted commutators [D', a] CT < are bounded since the twisted com- 
mutators [D, b] a are bounded operators for all b G A. □ 

3.2 Twisted connections on crossed product algebras 

In [11) . a method for constructing twisted spectral triples on crossed product 
algebras is suggested. This method uses 1-cocycles to construct automorphisms 
for crossed product algebras, and explains how one can obtain twisted traces, 
twisted derivatives, and twisted connections on these algebras. We shall explain 
this method and show that it can reconstruct an example of twisted spectral 
triples, first given by Connes and Moscovici in [8]. First we recall some defini- 
tions: 

Definition 3.3. Let a : A — > A be an automorphism of an algebra A. 
1. A a-derivation on A is a linear map 5 : A — > A such that 
S(ab)=S(a)b + a(a)S(b), Va, b e A. 
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2. A a-trace on A is a linear map r : A — > C such that 
T (ab) = r(a{b)a), Va, b £ A. 

Now, let A be an algebra with a right action of a group T by automorphisms: 

A x T — ;> A, (a, 7) a • 7. 

We consider the algebraic crossed product A x T with the standard multiplica- 
tion: 

(a <g> 7)(6 <X> /i) = (a • fi)b <g> 7/i, a,ki, 7, /i G I\ 

Let denote the center of the algebra A, and A* its group of invertible 

elements. 

Definition 3.4. 1. A map j :T -> n A* is a 1-cocycle if 

i(7M) = (OhO ' M)j>) V7, n£T. 

2. Given a map j : T — > A, a linear functional r : A — > C is said to have the 
change of variable property with respect to j , if 

T (( a ■ l)h) = T ( a )> Voe A, 7GT. 

Notice that (|3.2p amounts to saying that j is a (multiplicative) group 1— cocycle 
for H x (T,Z(A)f\A*). 

Proposition 3.5. Let A be an algebra with a right action of a group V by 
automorphisms, and j :T — > Z(A) n A* be a 1-cocycle. 

1. The map o~:Ay\Y^AyiY given by 

a (a ® 7) = ((j7 _1 ) ■ 7) a 7 

is an automorphism. 

2. Let 5 : A A be a derivation such that 6(a ■ 7) = (8(a) ■ 7) .77 for all 
a £ A, 7 £ r. Then for any s — 1,2, ... , £/ie map S' s : AxT- > A x T 
defined by 

S' s (a ® 7) = (* ((a ■ 7" 1 )07" 1 ) s ) Cn -1 ) - " ® l) (l ® 7) 
is a a-derivation on A x T. ^4/so <J£ o <j = cr o <^ if 5 o j = 0. 

3. If t : A — > C is a trace suc/i i/iai r o (5 = 0, £/ien t'o^ = where the 
linear functional t' : A xT C is defined by 

r'(a <g> 7) = i/ 7 ^ 1, and r'(a ® 1) = r(a). 

j4Zso, i/ t /ias i/ie change of variable property with respect to j, then t' is 
a a-trace on A x T. 
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Example 3.6. 1. Let M be a smooth oriented manifold anduj a volume form 
on M . Let T — Diff(M) be the group of diffeomorphisms of M . The map 
j : T -> C°° (M) defined by 

7*M = j(j)uj 
is easily seen to be a 1-cocycle. 

2. Let x '■ r — > C* be a 1- dimensional character of a group T which acts 
on an algebra A by automorphisms, and let j(t) = x(l)^-A- Then j is a 
1-cocycle, and a derivation 8 : A — > A is compatible with j if and only if 
8(a ■ 7) = x{l) $( a ) ' 7 f or an y o- (z A, and 7 € T. 

Definition 3.7. Let A be an algebra, 8 : A — > A a derivation, and E a left 
A-module. A linear map V : E — > E is said to be a connection if it satisfies the 
Leibniz rule, i.e. 

V(a£) = <5(a)£ + aV(f), Va e A, £ e E. 

If a : A — > A is an automorphism and 5 : A — > A a a -derivation, then a 
linear map V : E — > E is said to be a twisted connection if it satisfies the twisted 
Leibniz rule: 

V(af) = tf(a)f + o-(a)V(0, e A, £ G E. 
This notion of twisted connection comes from |18] . 

Given a twisted connection V, one can try to define a twisted spectral triple 
by letting D = V. Then Va — a(a)V = 8(a) shows the boundedness condition 
is satisfied provided 8(a) acts by a bounded operator. 

In the following proposition, A is an algebra endowed with a right action 
of a group r by automorphisms, with representations 7r : A — > End(-E'), and 
p : r — > GL(E), defining a covariant system, i.e. 

7r(a • 7) = p(7 _1 )7r(a)p(7), Va £ A, 7 e T. 

Then we obtain a representation 7r' : A x T — > End(-E) given by 

ir'(a <E) 7) = p(7)7r(a), Va G A, 7 e V. 

Also let j : T — > Z(A) n A* be a 1-cocycle and i : A-> i a derivation as in 
Proposition 13.51 Therefore we have an automorphism a : A x V — > A >t T and 
we fix a (T-derivation S' s : A xi T — > ^4 x T for some s G N. 

Proposition 3.8. |llj ^4 connection \7 : E ^ E for A is a twisted connection 
for A x T if and only if 

Vp( 7 ) = p(7) ((* - 1) • 7)) + ^^{ji- 1 ■ 7)) , V 7 e r. (3.2) 
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Remark 3.9. Let s > be a real number and assume (.7(7))* 6 A is defined 
for all 7 G r. Propositions 13.51 and 13.81 continue to hold for these values of s 
as well. For this we need the extra condition S(x s ) — sx s ~ 1 6(x) to hold for all 
x = 7 G r - 

Example 3.10. Let C°°(S 1 ) be the algebra of smooth functions on the circle 
S 1 = R/Z, and L C Diff + (S 1 ) a group of orientation preserving diffeomor- 
phisms of the circle as in |S]. We represent the algebra C°°(S 1 ) by bounded 
operators in the Hilbert space L 2 (S' 1 ) by 

(n(g)t)(.x)=g(x)t(.x), VgeC 00 ^ 1 ), fel^S 1 ), x e R/Z. 

Define a representation of F by bounded operators in L 2 (5' 1 ) by 

(pr 1 )^)W = /W^(^)), V0eF, ee£ 2 (^), xel/Z. 

The group L acts on C°°(S' 1 ) from right by composition and one can easily 
check that the above representations give a covariant system which yields the 
representation of C 00 ^ 1 ) x F as in 0. The map ^(S 1 ) defined by 

jO) = </>' is a 1-cocycle and the derivation 5 : C 00 ^ 1 ) -> C 00 ^ 1 ), <*(/) = i/' is 
compatible with j. Now by using Proposition 13.51 we obtain an automorphism 
a of C°°(S 1 ) x r which agrees with the automorphism in [8], and a twisted 

derivation <5'i. Note that since it is possible to take the square root of the 

2 

elements in the image of j in this example, we can let s = \ to obtain a twisted 
derivation. Now if we let V = i^, one can see that the equality Q3.2p holds, 
therefore V is a twisted connection for C°°(S 1 ) x T by Proposition 13.81 
Also the linear map r : C°°(S 1 ) —> C defined by 

r(g)= f g(x)dx, VgeC^iS 1 ), 
Jm/z 

is a trace which has the change of variable property with respect to j, and to 5 = 
0. Therefore by Proposition ^. 51 one obtains a twisted trace t' : C ca (S 1 ) xiT — >• C 
such that t' o <5'i =0. 

2 

3.3 Twisting spectral triples by scaling automorphisms 

The last example of the preceding subsection gives a special case of a class of 
twisted spectral triples that arise naturally in conformal geometry |17j . Let 
(M, g) be a connected compact Riemannian spin manifold of dimension n and 
D = D g be the associated Dirac operator acting on the Hilbert space of L 2 - 
spinors U = L 2 (M,S 9 ). Let SCO(M, [g]) denote the Lie group of diffeomor- 
phisms of M that preserve the conformal structure [g] consisting of all Rieman- 
nian metrics that are conformally equivalent to g, the orientation, and the spin 
structure, and let G = SCO(M, [g])o denote the connected component of the 
identity. In [17] , using a suitable automorphism of the crossed product algebra 
C°°(M) x G, a twisted spectral triple of the form (C°°(M) x G, L 2 (M, S 9 ), D) is 
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constructed. Similarly, by endowing E" with the Euclidean metric, and consid- 
ering the group G of conformal transformations of W 1 , a twisted spectral triple 
is constructed over the crossed product algebra C^°(R") x G. An abstract for- 
mulation of this class of twisted spectral triples leads in JTT] to the idea of 
twisting an ordinary spectral triple by its scaling automorphisms or conformal 
similarities which we explain in this subsection. 

Using scaling automorphisms of a spectral triple (A, H, D), one can construct 
a twisted spectral triple [IT]- The set of scaling automorphisms, also called 
conformal similarities, of a spectral triple (_4,"H,Z)), denoted by Sim(^4, H, D), 
consists of all unitary operators U on % such that 

UAU* = A, and UDU* = fJ,(U)D, for some n(U) > 0. 

It is easy to see that Sim(.4, "H, D) is a group and the map fi : Sim(.A, H, D) — > 
(0,oo) is a character. We fix a subgroup G C Sim(„4, T-L, D) and let Aq be the 
crossed product algebra A x G. It is shown in [TTJ that the formula 

o-(aU) = niU^aU, Va £ A, U e G, 

defines an automorphism of Ag, and (Ag,H, D) is a twisted spectral triple. In 
fact the twisted commutators 

[D, aU]„ := DaU - a(aU)D = [D, a]U 

are bounded operators for all a £ A, U £ G. 

For this class of twisted spectral triples, one can form the crossed product 
algebra ^{A x G,H, D) :— *(^4, H, D) x G, where V(A,H, D) is the algebra of 
pseudodifferential operators associated to the base spectral triple [7J[T31[I1], and 
under the extended simple dimension spectrum hypothesis, the residue functional 
-Jo 9(Aa,n,D) -> C given by 

4P := Res 2=0 Trace(P|L>|-^) 

J D 

is a trace [TTJ. This seems to be in agreement with the twisted analogue of 
the Adler-Manin trace [1] [TBI [11]: F° r a triple (A, a, 5) consisting of an algebra 
A, an algebra automorphism a : A — > A, and a cr-derivation 8 : A — > A, we 
define an algebra of formal twisted pseudodifferential symbols ^(A,a,S) whose 
elements are formal series of the form 

N 

Onf\ N £Z, a n £ A, Vn < N. 

n=—oo 

The multiplication in this algebra is essentially derived from these relations 

£a = a(a)£ + 5(a), Va £ A, CC 1 = = !• 

In [TTJ, we prove that starting from a 5-invariant twisted trace on A, the non- 
commutative residue is a trace on ty(A,o~,d): 
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Theorem 3.11. 11 Let a : A — > A be an automorphism of an algebra A. If 
t : A — > C is a a-trace and d : A — > A is a a-derivation such that r o 6 = 0, 
then the linear functional Res : ^(A, a, 5) — > C defined by 

n 

Res( ^2 = T ( a -i) 

i— — oo 

is a irace ok ^(A, cr, 5). 

4 Properties of twisted spectral triples 

In this section, we recall the basic properties of twisted spectral triples [5] . 

4.1 Twisted trace 

Given a er-spectral triple (A,H,D) with D~ x £ C n '°°, it is observed in [8] that 

£>-"a - a- n (a)D- n £ ^{U), Va G A 
Here is the ideal 

AT 

{Te/C(H); 5> 4 (T) = o(logiV)}, 

i=0 

on which the Dixmier trace Tr w vanishes. Then it follows that the Dixmier trace 
induces a twisted hypertrace on A: 

Proposition 4.1. [5] Lei (A be a a-spectral triple with D^ 1 E C n, °° . 

Then the linear functional tp : A —t C defined by 

ip(a) = Tr u {aD~ n ), aeA 

is a a n -hypertrace, i.e. 

Tr u (TaD- n ) = Tr u (a n (a)TD- n ) 

for any a G A,T £ £("^0- I n particular ip is a twisted trace on A. Note that for 
Lipschitz-regular twisted spectral triples, the same holds when D~ n is replaced 
by\D\- n . 

4.2 Connes-Chern character 

Let (AjH, D) be a Lipschitz-regular cr-spectral triple such that D~ x £ 
for some n £ N. Here 

N 

£ n '°°(H) = {T £ K(U)\ ^Ati(T) = 0(N 1 -^)}, if n > 1, 

i=0 
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N 

C X '°°{U) = {Te KiU); £>(T) = O(logiV)}, 

i=0 

where for any compact operator T E JCiJi), its singular values are written in 
decreasing order: Hi(T) > ^{T) > ■ ■ ■ > 0. 

We recall from [8] that passage to the phase F = D\D\^ of such a twisted 
spectral triple gives a finitely summable Fredholm module which has a well- 
defined Connes-Chern character in cyclic cohomology given by 

$f(»o, ai, . . . , a n ) = Trace(7F[F, ao][F, ai] ■ ■■ [F, a n ]), a , 01, . . . , a n E A, 

where 7 = id in the ungraded case. Since for any a E A 

[F,a] = ^-WD^a^-WDla^F), 

the commutators [F, Oj] are differentials of the same order as D^ 1 and the 
operator 

>yF[F,ao][F,a 1 ]'--[F,a n ] 
is a trace class operator. One can see that $f is a cyclic cocycle, i.e. 

$jr(a„, a , . . . , a„_i) = (-l) n $ F (ao, ai, . . . , a„), Va , 01, . . ., a„ € .A, 

= 0, 

where 6 is the Hochschild coboundary operator: 

n 

b$ F (ao,ai,...,a n+1 ) = 2J(— l) , $f(a , . . . , QjOj+i, ■ ■ ■ ,a n +i) + 

i=0 

(-l) n+1 $ F (a„ +1 a ,ai, . . . ,a„), 

for all oo, 01, • - . j fln+i € • / ^- 

Moreover, if D -1 e C n, °°(H) for an even n € N, then the Connes-Chern 
character can be defined without the Lipschitz-regularity assumption: 

Proposition 4.2. 8J Let (A,H,D) be a graded a-spectral triple with D^ 1 E 
C n °°(T-L) for some even n E N. Then the multilinear functional $£> jCT defined by 

$ D , a [a , oi, • . . , On) = Trace( 7 ^- 1 [D, a ] a D~ 1 {D, ai] CT • • • D' 1 [D, a n ] a ) (4.3) 

for a , . . . ,a n E A, is a cyclic cocycle. 

4.3 Index pairing and X-theory 

In [5j, it is shown that in the twisted case, the index pairing with ordinary K- 
theory makes sense and it is given by the pairing of the Connes-Chern character 
with if-theory. 
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Given a graded cr-spectral triple {A 1 'H 1 D) with D^ 1 6 C n '°°(H) for some 
even n S N, one can write an orthogonal decomposition for the Hilbert space T-L 
using the grading 7: 

% = %+&%-, 

where 



= € 7(x) = x}, "H_ = {a; e "H; 7(2:) = —a;}. 

Now a close look at the Connes-Chern character $d,<j defined by (|4. 3[) shows 
the existence of a pair of Fredholm modules over A and two cocycles as follows. 
With respect to the decomposition H — T~L + we can write 



D = 



' 






~a+ " 


p+ 





a = 


a_ 



since we have Dj 
spaces 



Va e A, 



-7-D, and cry = 7a, for all a£ A Then define two Hilbert 



There are representations n + and n of the algebra .4 on C(H + ) and ) 
respectively given by 



7 r ± (a) = 



0± 









£>iV(a) T D± 



In [S], letting 



I± 
I± 



where 7+ and J_ are identity operators on 77+ and 77 _ respectively, it is shown 
that the commutators [F^ , tt^ (a)] are compact operators, hence they obtain a 
pair of Fredholm modules over the algebra A. It is also shown that for any 
idempotent e g A, the bounded closure of operators D± 1 <r(e) T D± denoted by 
f± are idempotents, and f±e± : e±77± — > f±H± are Fredholm operators. Since 
the index depends only on the 7C-theory class of the idempotent, they define a 
pair of index maps by 

Index [e] = Index(/±e±), 

for all idempotents e £ Mn(A). 

On the other hand, the cyclic cocycle §d,<t defined by (|4.3[) consists of a pair 
of cocycles given by 

4>±>V..,a") 
= Tracc(D ± 1 (L>±a 



a(a°) T ^±) ■ ■ • £^(£±(4 - a(a n ) T D ± )), 



for 



,o"eA 



The following proposition states that the index pairing can be expressed as 
the pairing of these cocycles with if-theory: 
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Proposition 4.3. [5] Given a graded a-spectral triple (A,T-L,D) with D 1 6 
£™ ,00 (%) /or some even n£tf, and an idempotent e G Af/v(_4), one /las 

Index ± [e] = $^ CT (e, . . . , e). 

J/ e* = cr(e), i/ien 

Index + [e] = — Index" [e]. 

If there exists a strongly continuous 1-parameter group of isometric auto- 
morphisms {o"t}t e R with an analytic extension coinciding with a at t = —i, then 
the above index maps coincide. This assumption is denoted by (IPG). Such an 
analytic extension defined on a dense subalgebra O of A is assured to exist by 
a theorem of Bost in [2] . 

Proposition 4.4. [8] If A satisfies (IPG), then 

Index+[e] = -Index" [e] , Ve G M N (A). 

Accordingly, in [5] , the relation between the cyclic cocycles $^ has been 
studied under the (IPG) assumption. 

Theorem 4.5. [8 Let (A,H,D) be a graded a-spectral triple as above and 
assume that A satisfies (IPG). Then 

where 

( $ i,J*(ao,---,a n ) := . . . , a* ), Va ,...,a„ G O. 

We note that in the proof of the latter [8] , the homotopy invariance of the 
Connes-Chern character of a finitely summable Fredholm module, established 
in Lemma 1, in Part I, section 5 of [3] plays a crucial role. 

4.4 Local Hochschild cocycle 

In [8] , as a first step to extend the local index formula [13l [14] to twisted spec- 
tral triples, using the Dixmier trace, a local Hochschild cocycle is constructed 
for twisted spectral triples: 

Proposition 4.6. [8] Let (A,1l,D) be a graded a-spectral triple such that 
D^ 1 G £" ,00 ('H) for some even n G N. Then the n + 1-linear form on A 
defined by 

*r>.<j(ao, ax, ■ ■ ■ ,a n ) 
= Tr w ( 7 a [A v-Hai)]* ' ' ' [ D ^~ n ( a n)]a\D\~ n ) 

for clq, . . . , a n G A, is a Hochschild cocycle. 

In the ungraded case, for a Lipschitz-regular a-spectral triple of odd summa- 
bility degree, the Hochschild cocycle is given by 

$D,a{ao,ai, ■ ■ ■ , a n ) 
= TvMD^-^ax^a ■ ■ ■ [D,a- n (a n )UD\- n ), 

for any ao, • • • , a n G A. 
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The above cocycle identities are proved in [5] using Proposition 14. 1 1 and the 
fact that for any a,b E A: 

[D,ab] a = [D,a] a b + a(a)[D,b] a . 

In [5J [T7] , the above local Hochschild cocycle is obtained in a heuristic man- 
ner as follows. For an ordinary spectral triple (A,H,D), consider the local 
Hochschild cocycle 

V D (ao,...,a n ) = TT UJ {ja [D,a 1 ]---[D,a n ]D~ n ), 

for any ciq, . . . , a n € A. One can move D~ n to the left and distribute it among 
the factors to write this cocycle in the form: 

y D (a (h . . . ,a„) = Ti^jaoiDaiD- 1 -^) ■ ■ • (i)"^!)-"-!}"-^,,!)-" 11 )])-"). 

In order to construct a local Hochschild cocycle for twisted spectral triples, they 
replace each D k aD~ k in the latter by D k a~ k (a)D~ k and reverse the process of 
moving the D~ n to the left which leads to the above local Hochschild cocycle for 
twisted spectral triples. We note that the Connes-Chern character introduced 
in Proposition 14. 21 can be obtained in a similar manner. 

5 Hochschild class of the Connes-Chern charac- 
ter 

For any algebra A, there is an obvious pairing between the space of Hochschild 
n-cochains C n (A, A*), i.e. the space of (n + l)-linear functionals on A, and the 
space of Hochschild n-chains ^1®(™+ 1 ) J given by 

(ip, ao ® a\ ® • • • ® a n ) := (fi(a , . . . , a„). 

This pairing satisfies 

(b(p,c) = {(f,b(c)) 

where the Hochschild operators for the cochains and chains are given by: 

n 

b(p(ao,ai,...,a n +i) = ^(-l)V( a o, • • • , a t a i+ i, . . . , a n+ i) + 

(-l) n+ V(an+ia ,ai, . . . ,a n ), 

n 

b(ao <S> ai (8 • • • <S> a n +i) = ^(-l)*a ® ■ ■ ■ ® c^+i <E> • • • ® a n+1 + 

i=0 

(-l) n+1 a n+1 a ® ai (8 • • • <8> a n , (5.4) 
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for ao, • • ■ , a n+ i £ A. It follows that, if two cocycles tpi and ip2 are cohomologous 
with (fi — (p2 = b?p, then they yield the same value on any Hochschild cycle since 
we have 

(tpuc) - (<p a ,c) = (W, c) = {i>, 6(c)) = if 6(c) = 0. 

As we saw in Section [4] to any twisted spectral triple, in particular to an 
ordinary spectral triple, with certain conditions one can associate the Connes- 
Chern character and a local Hochschild cocycle. Connes' character formula 
(or Connes' Hochschild character theorem) states that in the case of ordinary 
spectral triples, these two cocycles yield the same value on any Hochschild cycle 

iguana. 

In this section the analogue of Connes' character formula for the class of 
twisted spectral triples introduced in Subsection 13.31 is investigated which we 
explain next following [10] . 

5.1 Connes' character formula and twisting by scaling au- 
tomorphisms 

In Subsection 13.31 we saw that using conformal similarities of a spectral triple 
(A,%,D), one can construct a twisted spectral triple (ef. [17]). We recall 
that the set of conformal similarities of a spectral triple (A,H,D), denoted 
by Sim(_4, H, D), consists of all unitary operators U on H, such that 

UAU* = A, and UDU* = fi(U)D, for some fi(U) > 0. 

Recall that Sim(A,'H 7 D) is a group and the map [i : Sim(A,'H, D) — > (0,oo) is 
a character. We fix a subgroup G C Sim(.4, H,D) and let Ac be the crossed 
product algebra A xi G. The formula 

a(aU) = n(U)- l aU, \JaeA,U<^G, 

defines an automorphism of Ag, and (Ag,T-1,D) is a cr-spectral triple [T7]- We 
will assume that the base spectral triple (A,H, D) is regular, i.e. the operators 
A, [D,A] are in the domain of all powers of the derivation £(•) = [|D|, •]. We 
also assume that D~ x £ C n '°°{H) for some fixed even number n £ 2N, and that 
the twisted spectral triple {Ag,'H,D) is graded. 

From the regularity of the base spectral triple, it easily follows that the 
twisted spectral triple (Aa,'H,D) is Lipschitz-regular. Therefore, by passage 
to the phase, one can associate the Connes-Chern character to the Fredholm 
module (Ag,H,F = D\D\^). To recall, this is a cyclic n-cocycle given by 

$ F (a U , aif/i, . . . , a n U n ) = Traced F[F, a U ][F, cnUi] ■■■[F, a n U n }) 

for all di £ A, Ui £ G, i = 0, . . . , n. Here 7 denotes the grading. Also there is a 
Hochschild n-cocycle given by 

^D,a{a U , aiUi, a n U n ) 
= Tr^a U [D,a- 1 (a 1 U 1 )} a ---[D,<j- n (a n U n )UD\- n ) 
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for all <ij € A, Ui € G, i = 0, . . . , n. 
We recall from [12] how 

§ F {aoU Q ,aiUi, . . .,a n U n ) = Trace(7F[F,ao?7o][-F>i£/i] • • • [F,a n U n ]) 

can be approximated by the trace of finite rank operators using a cutoff. Let 
g : R — > R be a smooth function which takes the value 1 on [0, decreases to 
on [i, 1], is for t > 1, g(—t) = g(t) for i < 0, and J °° <?'(u)du = — 1. Define 
the operators A t = g{t\D\) for i > 0. The operators A t , t > 0, are positive, 
finite rank, and satisfy P\/2t < A t < Pi/t, where Pn is the spectral projector of 
\D\ on the interval [0,iV]. Given a Hochschild n-cycle 



k 

c = 22 a ojUoj ® aijUij (£> ■ ■ ■ <E> a n jU n j, 

3 = 1 

it is proved in [T2] that 



* F (c) =21im* t (c), (5.5) 

where 

*t(a J7o,ait r i,---,a n ^r 1 ) 
:= -Trace(7a L/ [F, ait/i] • • • [F, a n _iZ7„_i]F[A t , a„f/„]). 

The proof of this is essentially based on two facts (cf. [H]). The first is that 
the operator trace is normal, and the second is that, since 6(c) = 0, one has 

k 

ciojUojlF, a\jU\j\ ■ ■ ■ [F, a n —i t jU n -ij]a n jU n j 

3=1 
k 

= a n jU n jaojUoj[F, a\jU\j\ ■ ■ ■ [F, a n -i,jU n -x t j]. 

3 = 1 

For convenience, we drop the index j and the summation in the formula for 
the Hochschild cycle c, and simply write 

c = a U a\U\ ® ■ • • ® a n t^n- 
Lemma 5.1. [TU] 27ie operator aolIo[F, aiU{\ ■ ■ ■ [F, an-iUn-^F^Y 1 ^ 1 is bounded. 

Proof. Using the identity U[F, a] = [F, UaU*]U, for all a e A, U e G, one can 
see that 

aoU [F, ai U x ] ■ ■ • [F ) a B _itr n _ 1 ]F|I>| n - 1 
= n(yoU! ■ ■ • CT n _ 1 ) n - 1 ao[F, U oai U*} ■ ■ ■ 

[F, UoUx ■ ■ ■ U n - 2 a n -iK_ 2 ■ ■ ■ UtU^D^UoU! ■ ■ ■ U n - X . 

The boundedness of the latter follows from the fact that the operator 

a' [F,a' 1 ]---[F,a' n _ 1 )F\D\ n - 1 

is bounded for any a' , . . . , a' n _ 1 € A, which is proved in |12j . □ 
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For convenience let 

R = -ia U [F, ai U{\ ■ ■ • [F,a n ^xU n -x]F\D\ n - 1 e C(H). 
Then we have: 

* t (a [/ , axU u . . .,a n U n ) = Trace(R\D\-( n -V [A t , a„ [/„]). 

In the sequel we will impose the following extra condition on the Hochschild 
cycle c = aollo <g> a\U\ ® ■ ■ -<S> a n U n (note that we have dropped the summation): 

Condition 5.2. We shall assume that 

limTrace(i?| J D|- ( "- 1) [A t ,a„L/„]) = hmTrace(i?|L>r (Tl - 1) [A t ,a„]J7„). 

For example, if fj,(U n ) = 1 then this condition is satisfied. 

The function ^' t (a U , axU x , . . • , a n U n ) := Tmce(R\D\-( n -^ [A t , a n ]U n ) is 
continuous on the interval j > e, and has a limit as j oo, therefore it is 
bounded. Hence the evaluation of the state to on the corresponding element in 
the C*-algebra Cj,([e, oo))/Co([e, oo)) will yield this limit which will be denoted 
by 

lim ^>' t (a U ,aiUx,...,a n U n ). 

To compute this limit, one can use the following proposition of Connes. For a 
detailed discussion, we refer the reader to [12] . 

Proposition 5.3. Let f : [0, oo) — > [0, oo) be a continuous function, p > 1, and 
Sfe m k(f)e pk < oo, where for each k 

m k (f) = sup{/(u); fc<logw<fc + l}. 

Then M p — J °° f(u)u p ~ 1 du is finite and 

lim t p Tr&cc(f(t\D\)S) = M p T ruj (S\D\- p ), 

f- 1 — ttt) 

provided S G C{H), and D' 1 € C P ^{U). 

Also we use Lemma 10.29 of |12) . 

Lemma 5.4. If g(t) = h(t) 2 where h E 2?(R) is also a cutoff, and if a € A, 
then 

|| [g(t\D\),a\-~{g'(t\D\),t5a}\\ n -=o(t) as i| 0. 

We note that || ■ || n _ is defined in [T2]. 

The argument following the above lemma in [12] applies verbatim to our 
case by simply replacing R by U n R, and it follows that 

lim ^' t (aoUo,axUx,...,a n U n ) 

= nTr w (7a [/ [-F 1 , axUx] ■■■ [F,a n -iU n ~i]D~ 1 5(a n )U n ) 

= nTr u ,( 1 aoU [F,a 1 U 1 }---lF,a n - 1 U n - 1 }S a a- 1 (a n U n )D- 1 ), (5.6) 
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where S(x) — [\D\,x] and S a (x) = [\D\,x] a . 

The last step is to prove that the local Hochschild cocycle ^d,<t is cohomol- 
ogous to defined by 

(°(a U ,aiUi, . . . ,a n U n ) 
= nTr u (7a t/o[-F, aiUi] ■ ■ ■ [F,a n -iU n -i]5 cr cr~ 1 (a n U n )D~ 1 ) 

for any G .4, and Ui G G, i = 0, . . . , n. This will be achieved by defining the 
cochains Cf , • • • , Cn-i by defining (%(a U , aiUi, . . . , a n U n ) as 

nTr a) (7a [/o[-F,aif/ 1 ] ■ • • [F, a k -iU k - 1 \D~ 1 8 a (a k U k )[F 1 a k+1 U k +i] ■ ■ ■ [F,a n U n ]) 

for any at G A,Ui G G, i = 0, . . . , n. Then using the following two lemmas, one 
can see that ^D,a is cohomologous to hence they yield the same value on 
any Hochschild cycle. 

Lemma 5.5. IU] The cochains Cj 7 , . . . , are mutually cohomologous Hochschild 
cocycles. 

Proof. First we show that = 0. For any ai G A,Ui G G, we have 

Kn ( a oUo, . . . , a n +iU n +i) 
= TT u ( 1 a U a a 1 U 1 [F,a 2 U 2 ] ■ ■ ■ [F, a n U n ] [\D\, a' 1 (a n+1 U n+1 )} a D- 1 ) - 
Tr w ( 7 a ;7 [F, ai C/ ia2 {/ 2 ] • ■ ■ [F,a n U n ][\D\,o-- l {a n+1 U n+ x)] a D- 1 ) - 
h 

Tr w (7a C/o[i ? ,ai[/i] • • • [F, a n _if/ n _i] [\D\, a^ 1 {a n U n a n+1 U n+ i)] a D^ 1 ) 
-Tr u (ja n+ iU n+ ia Uo[F, a\U\] ■ ■ ■ [F, a n -iU n -i][\D\, o~ l {a n U n )]a FJ^ 1 ) 

= TTUia U a 1 U 1 [F,a 2 U 2 } ■ ■ ■ [F,a n U n ][\D\,a- 1 (a n+1 U n+ i)] a D- 1 ) 
-Tr ul ^a Q U Q a 1 U 1 [F,a 2 U 2 ] ■ ■ ■ [F,a n U n ][\D\,(7- 1 (a n+1 U n+1 )] tr D- 1 ) 
-T^ u ( 1 a U [F,a 1 U 1 ]a 2 U 2 ---[F,a n U n ][\D\,o-- l (a n+1 U n+1 )] a D- 1 ) 

+Tr w (7a C/ [-F 1 , ait/i] • • • [F, a n -iU n -i]a n U n [\D\, a^ 1 (dn+iUn+i^o-D^ 1 ) 
+Tr u ( 1 aQU [F,aiUi]---[Fa n - 1 U n - 1 ][\D\,o-- 1 (a n U n )] <T 

o-- l {a n+ xU n +i)D- 1 ) 
-Tr w (7a„ + i[/ n+ ia J7o[-F 1 , ai^i] ■ ■ • [F a n -iU n -i] \\D\, o-~ 1 {a n U n )] a D~ 1 ). 

The latter vanishes because of successive cancellations, where the last two terms 
cancel each other since using the identity 

D~ a n+1 U n+ l - ^(an+iUn+ijD^ 1 = - D~ 1 [D, a~ 1 (a n+ i U n+ i )] a D~ 1 , 

one obtains a trace class operator which vanishes under the Dixmier trace. 

Now we introduce cochains ryf , . . . , r]^ l _ 1 such that — = bv^ for all 
k = 1, . . . ,n — 1, and this will finish the proof. 
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Using the identities 

D-'S^akUk) - S^a-^akU^D- 1 = -D^ 1 5([D,a k ])D^ 1 U k , 

Fi^ajUj] = —[F, djUj]F, 

we can move Z) -1 in the formula for ^ to the right under the Dixmier trace 
and obtain the following expression. 

Cfe (aoUo,aiUi, . . . , a n U n ) 
= nTr^-yaoUolF^iUi] • • • [F,a k -iU k -i] 

D- 1 5 a (a k U k )[F,a k+1 U k+1 ] ■ ■ ■ [F,a n U n ]) 
= (-l)"- fc nTr w ( 7 a t/o[^ai^i] ■ ■ • [F, Ok-iUk-i] 

8 a {<j- l {a k U k ))[F, ( j- 1 (a fc+1 C/ fc+1 )] • • • [F, a -1 {a n U n )]D~ l ). 

Therefore — Cfc + i)(aoC^07 aiUi, . . . , a n U n ) is equal to 

(-l) n - k nTT u ( 1 aQUo[Fa 1 U 1 ]---[F,a k - 1 U k - 1 ]Rl[F,a~ 1 (a k+2 U k+2 )] 

■■■[F,a- l {a n U n )]D- 1 ), 

where 

Rl = S^a-^akU^a-^ak+xUk+x)} + [F, a k U k }5 a <7^ 1 (a k+ iU k+ i). 

Now we define 

Vk( a oU , ■ ■ ■ ,a„_ii7„_i) 
= (-l) fe nTr u ( 7 a ;7o[ J F 1 ,a 1 C/ 1 ] • • • [F,a k -iU h _ x ] 

[F > 8 <T a- 1 (akU k )}[Fa- 1 (ak + iU k+ i)}---[F,a- 1 (a n - 1 U n - 1 )}D- 1 ). 

Finally, using the identity 

[F, <W _1 (a k U k ak+iUk+i)] 
= RZ+ [F,S a a-\a k U k )}a- 1 (a k+1 U k+1 ) + a k U k [F,6 a a- 1 (a k+1 U k+1 )}, 

one can see that — = brfa. □ 

Lemma 5.6. [I0] The cochain ^D,a — ~(Cf + ' ' ' + Cn) * s a Hochschild cobound- 
ary. 

Proof. Let do/To, a iUi, • ■ • , a n t/ n € -4g- Since 

iDl-^ajU^-lD^-^ajU^UD]- 1 
= iDl-^aAUi-rtUjftD^pjlD]- 1 

= -iDi-^dD^m^u, 
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in the expression for ^d,<t we can replace each [D,a 1 (a,jUj)] a \D\ 1 by 
iDl^lD^jUj}^. Therefore 

*D,cr( a o^b, aiUi, . . . , a n U n ) 
= TY bJ { 1 a Q U [D,a- 1 {a 1 U 1 )] a ---[D : a- n {a n U n )UD\- n ) 
= TYUia Uo[D,a- 1 (a 1 U 1 )} rT \D\- 1 ---[D,a- 1 (a n U n )UD\~ 1 ). (5.7) 

Also we have 

[D^-^ajUj)]^- 1 = [F^a^+S^ia.U^D- 1 + [F, S^-^ajUj)]^- 1 . 
Since 

[F, So-a^ 1 (djUj)] = ^U 3 )[F,5{a 3 )U 3 ] 

= niU^Dl-^SdD,^}) ~ S 2 ( aj )F)U 3 , 

the terms containing [F, 5 cr (T~ 1 (ajUj)]\D\~ 1 yield trace class operators which 
vanish under the Dixmier trace. So we can replace each 

[D^-^ajU^UD]- 1 

by 

[F, ajUj] + 5„cr- 1 (a j U j )D- 1 . 
Therefore (15.71) is the sum of 2™ terms. The term 



Ti^ijaoUo^axUi] ■ ■ ■ [F,a n U n ]) 
is zero because one can write ao^o = F[F> ioUq] + FciqUqF, and 

jF[F, a U } [F, aiU x ] ■■■[F, a n U n ] 

is trace class. Therefore the term is equal to 

Ti u (jFa U F[F, aiUi] ■■■[F, a n U n \) 
= (-l) n Ti u { 7 Fa U [F, aiU x ] ■■■[F, a n U n ]F) 
= -Tr u (F 7 a U [F, ai U t ] ■■■[F, a n U n ]F) 
= -Tr w ( 7 a Uq[F, aiUx] ■ ■ ■ [F, a n U n ] ) . 

Hence it has to be zero. 

The terms having exactly one factor of the form 8 a <j~ 1 (a,jUj)D~ 1 add up 
to -(Cf +••• + ££)' ano - t° finish the proof we show that the terms with more 
than one factors of the form S a a~ 1 (ajUj)D~ 1 are Hochschild coboundaries. For 
example let us consider the case when two consecutive factors of the above form 
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yield the term 



Tr u (7a [/ [F,a 1 C/ 1 ] • ■ ■ [F, a j _ 1 U :j ^ 1 }S a a 1 {a J U j ) 

Z?- 1 5 CT( j- 1 ( a , +1 C/, +1 ) J D- 1 [F, aj+2 [/, +2 ] ■ • • [F,a n U n 

= Tr w (7a C/o[-F 1 ,aif/i] • • • [F, aj-iUj-i}8„cr~ x {ajUj) 

5 cy <T~ 2 {a j+ iU ]+ i)D~ 2 [F 1 a : j + 2U : j + 2] ■ ■ ■ [F,a n U n ]) 

-it 



= Tr u (jaoUo[F, aiU\] ■ ■ ■ [F, aj-iUj-x]S„a {ajUj) 

5 a a- 2 (a J+1 U ]+1 )[F,<j- 2 (a ]+2 U ]+2 )} ■ ■ ■ [F,a- 2 {a n U n )]D- 2 ). (5.8) 

Now using the identity 

5 2 a G~ 2 {aja,j + i) = 5la~ 2 (aj)a~ 2 (aj + i)+25 cr <7~ 1 (a^Scra^ 2 (a J+ i)+aj5la~ 2 (a j+ i) , 

one can see that (|5.8[) is equal to b(pJ(aoUo, diUi, . . . , a n U n ) where 

<Pj{aoU ,aiUi, . . . ,a„_if/„_i) 

= t^-Tr u (~,a Uo[F, a x Ux] ■■■[F, Oj-xUj-x] 

Sla-^a^i^a-^aj+iUj+x)} ■ ■ ■ [F,a- 2 (a n ^U n ^)]D- 2 ). 

□ 

Hence, considering (|5.5[) , Condition 15.21 and (|5.6I) we have proved the fol- 
lowing: 

Theorem 5.7. [10) The cyclic cocycle <£>f and the local Hochschild cocycle 
yield the same value on any Hochschild n-cycle 

k 

c = aQjUoj <8> QijUij ® • • • ® a n jU n j 

3=1 



that satisfies Condition \5.2\ 



6 A local index formula for twisted spectral triples 

In |17j . an Ansatz for a local index formula for twisted spectral triples is given 
and its validity for twisted spectral triples obtained from scaling automorphisms 
of spectral triple, has been verified. This formula is given in terms of residue 
functionals and twisted commutators. In this section we sketch very briefly 
some of the ideas in [T7] . 

6.1 Moscovici's Ansatz 

In Subsection 14.41 we explained the heuristic manner for obtaining the local 
Hochschild cocycle for twisted spectral triples from the one for ordinary spectral 
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triples. In a rather similar manner one can obtain Moscovici's Ansatz for a local 
index formula for twisted spectral triples from the original local index formula 
of Connes and Moscovici discussed in Section [5] The Ansatz suggests that for 
a cr-spectral triple (A,H,D), the twisted version of the local character should 
be given by 

<0o, ■ • ■ ,a n ) ■= 



]Tc„, fc / ao [^,a- 2fc - 1 (a 1 )]^)...[A^ 2(fcl+ --- + ' £ " ) -"(«„)]^" ) | J Dr"- 2|fe| , 



where the iterated twisted commutators [D,a]a are defined in |17) . Here again 



Therefore an analogue of the simple dimension spectrum hypothesis is assumed. 
Namely, one needs to assume that there exists a discrete subset of the complex 
plane such that for any operator P in an algebra of twisted pseudodifferential op- 
erators associated to the twisted spectral triple (A, W, D, a), P\D\~ 2z is a trace 
class operator provided Re(z) is large enough, and (p{z) := Trace(P|.D|~ 22 ) 
has a meromorphic extension to the plane with at most simple poles in this 
discrete set. We note that, as it is emphasized in [T7J, there is no canonical way 
of constructing an algebra of twisted pseudodifferential operators for a general 
twisted spectral triple. Also, in the twisted case, for formulating analogue of 
the regularity condition, one needs to postulate that the automorphism a has 
an extension to a larger algebra which contains the twisted differential forms. 
Another necessary condition for the validity of the Ansatz is a cr-invariance of 
the residue functionals which is related to the Selberg principle for reductive 
Lie groups [17] . 

6.2 A local index formula for spectral triples twisted by 
scaling automorphisms 

Let (AcTiiD) denote a twisted spectral triple obtained by scaling automor- 
phisms of an ordinary finitely summable regular spectral triple, introduced in 
Subsection [33] and let ^(Ag,H,D) := ^(A,H,D) x G denote the associated 
algebra of twisted pseudodifferential operators. The automorphism a extends 
to an automorphism of ^{Ag, H, D) and it is required that for any P in this 
algebra [T7] : 



Definition 6.1. [TTJ The twisted JLO bracket of order q as a q + 1 -linear form 
on ^(Ag,'H, D) is defined by 



k 





(6.9) 



{a Uo , . . . , a q U*) D 



Trace (7 oqIIq e 



-so/i(U ) 2 D 2 



iU * e -s 1 ^{U U 1 fD' 2 ... 
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for all <xq, . . . , a q € A and Uq, . . . , U q € G, where 

A q ■— {s = (s , . . . ,s q ) e R q+1 : Sj >0, s + --- + s q = 1}. 

In |17j . it is assumed that ao, • • • , a q are polynomials in D and elements of A 
and [D, A] which are homogeneous in A as D is replaced by AD. The expression 
obtained from replacing each D occurring in ao, . . . , a q by e x l 2 D is denoted by 
(ooUq, . . . , a q U*) z?(e). Equivalently, one has 

(a Uo,...,a q U*)r>(e} = e%{a Ua, . . . , a q U*) e i /2D , 
where m is the total degree of A in ao • • • a q after replacing each D by XD. 

Proposition 6.2. [17] If ao £ A and a±,...,a q € [-D,X|, then there is an 
asymptotic expansion 

(a Q U*, . . . , a q U*) D (e) ~ £(c* + loge) e*~« + 0(1) as e \ 

where po, . . . , p m are points in the half plane Re(z) > |. 

The twisted version of the JLO cocycles is defined by 

J"(D)(A ,...,A q ) = {A^[D,o- 1 (A 1 )] a ,...,[D,cT-'i(A q )] <y ) D 

for Ao,...,A q € *4g- Since in the twisted case this does not define a cocycle, 
in |17) . by considering 

J%e l ' 2 D){A , ...,A q ) = ei (A , [D, ^(A^, ...,[£>, a-«(A 9 )U el / 2B 

for e > 0, and passing to the constant term using the above proposition, ip® is 
defined by 

<pZ(A<>, ...,A q ):= (A , [D, a-^A,)}^ ...,[£>, ^(A,)]^ | . 

It follows from the following two results [17] that for any twisted spectral 
triple obtained by conformal perturbation of an ordinary finitely summable reg- 
ular spectral triple and satisfying a Selberg type invariance condition (|6.9|) , one 
can associate a local cyclic cocycle for its Connes-Chern character. 

Theorem 6.3. [17] The cochain {tp q } satisfies the cocycle identity in the (b, 
B)-bicomplex: 

hfi^iaoUS, • - • , a q U*) + B^ q+l {a U^ . . . , a q U* q ) = 0, 

for all ao, . . . , a q G A and Uq, . . . , U q € G. 

Theorem 6.4. |17] The cocycle {^p q } is cohomologous to the Connes-Chern 
character associated to the twisted spectral triple (Ac'H, D) in the periodic 
cyclic cohomology HP*(Ag)- 
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